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Abstract. A few years ago, I defined a squarefree module over a polynomial 
ring S = k[xi, . . . , x n ] generalizing the Stanley- Reisner ring k[A] — S/I& of 
a simplicial complex A C 2^ 1, '"' n '. This notion is very useful in the Stanley- 
Reisner ring theory. In this paper, from a squarefree S'-module M , we construct 
the fc-sheaf M+ on an (u - 1) simplex B which is the geometric realization of 
2{i, ...,n} p or example, fc[A] + is (the direct image to B of) the constant sheaf 
on the geometric realization |A| C B. We have H i (B : M + ) = [iJ^ +1 (A/)] for 
all i > 1. The Poincare-Verdier duality for sheaves M + on B corresponds to the 
local duality for squarefree modules over S. For example, if |A| is a manifold, 
then k[A] is a Buchsbaum ring and its canonical module iffcjA] is a squarefree 
module which gives the orientation sheaf of A with the coefficients in k. 

1. Introduction 

This paper presents a new geometric aspect of combinatorial commutative algebra 
on normal semigroup rings. But, in this introduction, we restrict ourselves to the 
polynomial ring case for the simplicity. In this paper, we use the theory of sheaves 
on a locally compact topological space. For this theory, consult fj. Basically, we 
use the same notation as [I] here. 

Let 5* = k[xi, . . . ,x n ] be a polynomial ring over a field k, and A a simplicial 
complex whose vertex set is a subset of [n] := {1, . . . , n}. Then the Stanley-Reisner 
ring k[A] := S/( Yli^F x i \ F G [n] with F ^ A ) of A reflects topological properties 
of the geometric realization |A|, and has been studied since 1970's (see |BH| IStaj ). 
In |Ylj , the author introduced the notion of a squarefree module which generalizes 
Stanley-Reisner rings. This notion allows us to apply homological methods (e.g., 
derived categories) to the theory of Stanley-Reisner rings more systematically. The 
purpose of this paper is to give a geometric meaning of squarefree modules. 

Let B be an [n — l)-simplex which is the geometric realization of 2^. We 
construct the fc-sheaf M + on B from a squarefree module M. For example, fc[A] + = 
j*k\A\i where &j A i is the constant sheaf on |A| and j : |A| — > B is the embedding 
map. Let Sq be the category of squarefree modules, and Sh(_B) the category of 
fc-sheaves on B. Then the functor (— ) + : Sq — > Sh(B) is exact. 

If M is a squarefree S'-module, Theorem 13.31 gives an isomorphism 

H\B, M + ) [i4 +1 (M)] for all i > 1, 
and an exact sequence 

- IK(M)} - M - H°(B, M+) -> [Hl(M)] ^ 0, 
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where stands for the local cohomology module with support in the maximal 

ideal m := (xx, . . . , x n ). So our functor (— ) + is somewhat analogous to "Proj" of 
the scheme theory. 

If a = (ax, . . . , O g -N n , it is well-known that [i?^(M)] a = 0. If ^ a e -N n , 
[i?^(M)] a is isomorphic to the cohomology with compact support Hl~ 1 (Up,j*M + ), 
where C/p is the open subset determined by F := {i £ [n] | Oj < 0} (see Theorem 13. 51 
for detail) and j : Up —>■ B is the embedding map. These results generalize a well- 
known formula of Hochster on i?^(/c[A]). 

Let D fc (Sq) be the bounded derived category of Sq and u' £ D b (Sq) an injective 
resolution of i£s[n — 1]. Set := Hom£[ A ](&[A], Ug). Then w*[ A ] is a complex of 
squarefree fc[A]-modules, and isomorphic to a (non-normalized) Z n -graded dualizing 
complex of k[A] in the derived category. Let Z>r A , be a dualizing complex of the 
topological space |A| with the coefficients in k. Corollary 14.31 states that X>r A , = 
j*(c<j*j A j) + in D b (Sh(| A|)), where j : |A| — > B is the embedding map. (Since the 
functors (— ) + : Sq — > Sh(-B) and j* : Sh(5) — > Sh(|A|) are exact, we have the 
functor j*(-) + : -D fc (Sq) —> D b (Sh(\ A|)).) Moreover, if each component M* of 
M* e D 6 (Sq) is a A;[A]-module, we have 

RHom Sh{m (f(M-) + ,V; Al ) =f(RRom k[A] (M',u;' k[A] ) + ) 

in D b (Sh(|A|)). See Theorem If further [iZ*(M*)] = for all i (note that the 
sheaf M + does not reflect the degree component Mo), we have 

Ext* Sh(|A|) ( f(M')\ VJ Al ) - [Ex4 [A] (M-, u' k[A] )] . 

So the Poincare-Verdier duality for | A| corresponds the local duality for k[A] in our 
context. For example, if |A| is a manifold, then k[A] is a Buchsbaum ring and the 
canonical module K k [A] of k[A] is a squarefree module which gives the orientation 
sheaf of |A| with the coefficients in k. So, the well-known duality between H l m {k[A\) 
and if^(-Kfc[A]) ( jSVl II. Theorem 4.9]) corresponds to the Poincare duality for |A|. 
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2. Preliminaries 

Let Q C N n be an affine semigroup (i.e., a finitely generated sub-semigroup 
containing 0), and k[Q] = k[x a \ a 6 Q] C S := k[x\, . . . , x n ) the semigroup 
ring of Q over a field k. Here x a for a = (ai, . . . , a n ) e N n means the monomial 
Y\ X T e S- We always assume that Q is saturated (i.e., if a G N n satisfies ma e Q 
for a positive integer m, then a £ Q) and ZQ = Z n . Thus fc[Q] is a normal 
Cohen-Macaulay Z n -graded ring of dimension n with the graded maximal ideal 
m=(x a |07^a£Q). For basic properties of (Z n -graded modules over) k[Q) and 
the related notions from convex geometry, see \Bii\ IG Wj . 
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Consider the polyhedral cone M>o<5 C M™ spanned by Q (c N n C M n ). Let L be 
the set of non-empty faces of M>oQ- The order by inclusion makes L a finite poset. 
If p G M>oQ, there is a unique face F G L such that the relative interior rel-int(F) 
of F contains p. We call this F the support of p, and denote it by supp(p). 

If M>o<5 is spanned by n vectors as a polyhedral cone, we say k[Q] is simplicial. 
In this case, L is isomorphic to the boolean lattice 2^ as a poset. For example, the 
polynomial ring k[N n ] = k[xi, . . . ,x n ] is a simplicial semigroup ring. 

Let if be a hyperplane of lR n which intersects the cone M>oQ transversally. Con- 
sider the (n — l)-dimensional polytope B := Hf]M>oQ. Of course, B is homeomor- 
phic to a closed ball of dimension n — 1. If k[Q] is simplicial, then B is a simplex. 
For a face F e L, set |F| := F n H to be the face of B, and := rel-int(|F|) 
its relative interior. If A C L is an order ideal (i.e., F G A, G G L and F D G => 
G G A), then |A| := U FgA l-F] is a finite regular cell complex. 

For a Z n -graded fc[Q]-module M and a G Z n , M a denotes the degree a component 
of M. Let *Mod be the category of Z n -graded k[Q] -modules. Here a morphism / 
in *Mod is a fc[Q]-homomorphism / : M — > with /(M a ) C iV a for all a G Z n . 



We assign an order ideal A C L to the ideal J A := (x a | aG Q and supp(a) G^ A ) 
of fc[Q]. Set fc[A] := k[Q]/I A . Clearly, 



In particular, if A = L (resp. A = 0), then 1^ = (resp. I a = k[Q]) and 
fc[A] = k[Q] (resp. fe[A] =0). If A ^ or { {0} }, then dim£;[A] = dim|A| + 1, 
where dim |A| is the dimension as a cell complex. When k[Q] is a polynomial ring, 
k[A] is nothing other than the Stanley- Reisner ring of a simplicial complex A. (If 
k[Q] is simplicial, A can be seen as a simplicial complex, and |A| = ]J^ gA \F\° is 
homeomorphic to the geometric realization of A as a simplicial complex.) 
We now recall the definition of squarefree fc[A]-modules. 

Definition 2.1 (|XHE2|)- A Z n -graded A;[Q]-module M = agZ „ M a is squarefree, 
if the following two conditions are satisfied. 

(1) M is finitely generated and Q-graded (i.e., M a = for all a G" Q). 

(2) The multiplication map M a 3 y *—>■ x°y G M a+ b is bijective for all a, b G Q 
with supp(a + b) = supp(a). 

The Z n -graded canonical module Kk[Q\ of k[Q] is a squarefree module. In fact, 
Kk[Q] is isomorphic to the ideal (x a | a G Q with supp(a) = M>o<3 ) of k[Q). The 
quotient rings k[A] (in particular, k[Q] itself) are also squarefree. 

If M is squarefree, then M a = Mb for all a, b G Q with supp(a) = supp(b). In 
fact, since supp(a) = supp(a + b) = supp(b), we have M a = M a+b = M b . 

Denote the full subcategory of *Mod consisting of all squarefree fc[Q]-modules 
by Sq. For M G *Mod and a G Z n , M(a) denotes the shifted module of M with 
M (a) b = M a+b . If M, N G *Mod and M is finitely generated, then Hom fc[Q] (M, N) 
has the natural Z n -grading with [Horrid [qj(M, N)] & = Hom«Mod(M, iV(a)). 




k if a G Q and supp(a) G A, 
otherwise. 
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Lemma 2.2 ( |Y2[ §4]). (1) Sq is a thick abelian subcategory of *Mod (i.e., 
closed under kernels, cokernels, and extensions in *Mod). 

(2) Sq is an abelian category with enough projectives and injectives. An inde- 
composable projective (resp. injective) object in Sq is isomorphic to 

Jf '■= (x a | a G Q with supp(a) D F) C k[Q] 

( resp. k[F] := k[Q]/(x a | a G Q supp(a) ^ F) j 

for some F & L. And both proj.dim Sq M and inj.dim Sq M are at most n 
for all M G Sq. 

(3) The projective object Jp is a Cohen-Macaulay k[Q]-module of dimension n. 
And 

Hom fc [Q]( J F , Kk[Q]) = ( x a | a G Q such that supp(a) VF = M>o<3 ), 

where supp(a) V F G L is the smallest face containing both supp(a) and F . 
In particular, Hom fc [g]( J F , K k ^) is squarefree again. 

For derived categories, we use the same notation as [H] (unless otherwise spec- 
ified). In particular, for a module M and an integer i, M[i] means the complex 
> -> M -> -> • • • with M at the (-i) th place. 

Lemma 2.3. VFe have the canonical category equivalence -D 6 (Sq) = D\ (*Mod) ; 
and -D b (Sq) can be seen as a full subcategory of D b (*Mod). 

Proof. Let *ModQ be the full subcategory of *Mod consisting of finitely generated 
Q-graded modules. Then *ModQ is a thick abelian subcategory of *Mod. Moreover, 
*Mod<2 has enough projectives, and projective objects k[Q](—a) with a G Q are also 
projective in *Mod. Thus £>J ModQ (*Mod) = D 6 (*Mod Q ) and £>J ModQ (*Mod) is a full 
subcategory of _D fe (*Mod). On the other hand, Sq is a thick abelian subcategory 
of *ModQ, and an injective object k[F] of Sq is also injective in *Mod<3 by jMJ 
Remark 2.5]. So D b (Sq) = L>| q (*Mod Q ), and D b Sq (*Mod Q ) is a full subcategory of 
Z} b (*Mod<3), which can be seen as a full subcategory of _D b (*Mod). □ 

Next we will study RRom k[Q] (M m , K k[Q] ) for a complex M* G D 6 (*Mod). Here 
RHom.k[Q](M*, Kk[Q]) is the "FHom" as complexes of (non-graded) fc[Q]-modules. 
But if each H l (M*) is finitely generated, RHom. k \Q](M° , Kuq]) has a natural Z n - 
grading, and defines an object in D fe (*Mod). In fact, if P* is a Z n -graded finite 
free resolution of M', then R Hom^Q] ( M', -^fc[Q]) — Hom^rgi (P*, Kk[Q]) and each 
B.oml [Q] (P' , K k[Q ]) (= H.om k[Q ](p-\K k [Q]) ) has the Z n -grading. We can also de- 
fine RKom. k \Q](M' , K k ]n]) using a Z n -graded injective resolution I* G -D b (*Mod) of 
F'fcjQ], but we get the same Z n -grading. 

Lemma 2.4. If M* G D| q (*Mod) ; then RRom k[Q] (M' , K k[Q] ) is in D| q (*Mod) too. 
That is, Ext^Q](M', K k ^) is squarefree for all i. 

Proof. By Lemma 12.31 we may assume that M* G D b (Sq). Then we have a pro- 
jective resolution P* G D b (Sq) of M\ By Lemma O (3), Ext l fc[Q] (P^', K k[Q] ) = 
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for all i ^ and all j. Hence we have R Horn*; [qj(M', Kk[Q\) — Hom'^P*, Kk[Q\). 
But each Hom^g^P- 7 , Kk[Q]) is squarefree by Lemma 12721 (3). □ 

Take some a(F) G Q D rel-int(F) for each F 6 I. For a squarefree module M, 
set Mi? := M a (_p). If F, G G L and GdF, |Y2t Theorem 3.3] gives a fc-linear map 
: Mi? — » Mg- These maps satisfy <fip F = Id and <p@p o (fp E = ipg E for all 

GD F D E. For F G L, we define the complex C£(M) : -»• C£ ^ C£ ^ ► 

C£ — > of /c-vector spaces by 

C F = M , 

GeL.GDF 
dim G=i 

and the differential 

d : Cp d Mo 9 ?/ — > ]T £(G", G) • <p% >G (y) G Mo c C7* 1 . 

G'gL, G'dG G'£L,G'DG 
dimG'=i+l dimG'=i+l 

Here £ is an incidence function on the cell complex B = U FeL l-^T- The complex 
C^(M) does not depend on the particular choice of a(F)'s up to isomorphism. By 
the computation of a Cech complex with supports in m, we have the following. 

Lemma 2.5 ( ]Y2[ Theorem 3.10]). Let the notation be as above. If a ^ Q, then 
[i4(M)]_ a = 0. I/a G Q and supp(a) = F, then [H l m (M)}^ a = IP{C$(M)). 

3. Sheaves associated with squarefree modules 
We keep the same notation as above. For a squarefree module M, set 

Spe(M) := ]J \ F \° x m f- 

F&L 

Let it : Spe(M) — ► B be the projection map which sends (p,m) G \F\° x Mp C 
Spe(M) to p G |F|° C B. For an open subset U C B and a map s : {7 — > Spe(M), 
we will consider the following conditions: 

(*) 7r o s = ldu and s g = ^Pg,f( s p) f° r a ^ P,Q & U such that F := supp(p) is 
contained in G := supp(g). Here s p (resp. s ? ) is the element of Mp (resp. 
Mo) with s(p) = (p,a p ) (resp. s(g) = 
(**) There is an open covering U = IJaga such that the restriction of s to U\ 
satisfies (*) for all A G A. 

Now we define the fc-sheaf associated to M on B, denoted by M + , as follows. 
The sections M + (U) of M + over an open set U is 

{ s | s : U — > Spe(M) is a map satisfying (**) } 

and the restriction map M + (U) — > M + (V) is the natural one. (That M + is actually 
a sheaf is obvious.) 

We say an open set U of B is neat with respect to a face F G L, if U itself and 
£7 fl \G\° are connected for all G G L with GdF, and q & U implies supp(g) D F. 
For example, the open set Up := U GdF is neat with respect to F. For x G |F|° 
and sufficiently small e > 0, £7 e (x) := { y G I? | y) < e } is also neat with respect 
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to F, where d{— , — ) stands for the usual metric of W 1 (d B). We can easily check 
the following. 

(i) Assume that U D \F\° is connected, and let s G M + ([7) be a section. Then 
there is some y G M F such that s(p) = (p, y) for all p G £7 n 

(ii) Assume that {7 is neat with respect to F. For any y G Mp, the map 
s y : U ^ Spe(M) defined by (U n |G|°) (jp,tp GjF {y)) satisfies (*). In 
particular, s y G M + {U). 

(iii) If U is neat with respect to F, any section s G M + (£7) coincides with s y of 
(ii) for some y G Mp. 

Hence, if U is neat with respect to F, then M + (U) = Mp. Note that the set of 
neat open sets is an open base of B. Thus, for a point p G \F\°, the stalk (M + ) p of 
M + at p is isomorphic to Mp. So Spe(M) is the etale space of the sheaf M + . 

Let f C I be an order filter of the poset L, that is, F 6 f , G € L, and G D F 
imply Gef. Then £7$ := U Fe ^ is an open subset of 5. If M is a squarefree 
module, then the submodule 

:= M a 

a€Q, supp + (a)e\E' 

is also squarefree. Moreover, we have the following. 

Lemma 3.1. The sheaf (M^) + is isomorphic to j\j*M + , where j : Uq, — > B is the 
embedding map. 

Proof. Straightforward. □ 

Example 3.2. (1) Let A C L be an order ideal, and j the embedding map from 
the closed subset |A] = LIfga 1-^1 ^° B. Then the sheaf fc[A] + is isomorphic to 
j*k\A\i where k< A \ is the constant sheaf on |A|. 

(2) Let Jp be the projective object in Sq associated with a face F G L. Then the 
sheaf {Jf) + is isomorphic to jik Up , where j is the embedding map from the open 
set Up = Uggl,gdf \G\° to B. Note that 

( W 1 - 1 , if F = R> Q, 

Up S I R"- 1 : = { ( yi , . . . , y n _{) G W^ 1 \ y n ^ > }, if F ± R> Q, {0}, 

{ B n - 1 := { ( Vl , . . . , y n _0 G M" -1 | Vi < 1 }> ^ = {0}- 

(3) Let A, E C 7 be order ideals with A D S. We have 7a C is- Set 7a/e := 
7 S /7 A (see jSSI III.7]). If E = (resp. A = L), then 7 A/S = fc[A] (resp. J A /s = 
It.). It is easy to see that Ja/s is a squarefree module with (7a/s) + — j!^|A|-]sh 
where j is the embedding map from the locally closed subset |A| — |E| to B. 

For a topological space X, Sh(X) denotes the category of fc-sheaves on X (i.e., 
the category of fc x -modules). 

If M is a squarefree module, M >0 denotes the submodule © ae Q\{o} of M . 
Then M>o is squarefree again, and M + = (M>o) + . For a complex — > 7 — > M — > 
A — > of squarefree modules, the complex of sheaves — > L + — > M + — > A + — > 
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is exact if and only if — > Lp — > Mp — > Np — > is exact for all {0} ^ F E L. 
Hence the functor (— ) + : Sq — ► Sh(I?) is exact. But this functor is neither full 
nor faithful. The degree component Mq causes this problem. Let Sq + be the 
full subcategory of Sq consisting of all M with M = 0. It is easy to see that the 
functor (— ) + : Sq + — » Sh(5) is fully faithful. 

Theorem 3.3. If M is a squarefree k[Q]-module, we have an isomorphism 

H\B, M+) = [#^ +1 (M)]o for all i > 1, 
and an exact sequence 

(3.1) - [#° (M)] - M - H°(B, M+) - [#i(M)] - 0. 

In particular, if M e Sq +; £/ten H i (B,M + ) = [Jf^ +1 (M)] /or a// z > 0. 

Proof. As usual, let T m : *Mod — > *Mod be the functor defined by T m (N) := {y G 
iV | m'y = for / ^> 0}, and r(£>, — ) : Sh(I?) — > vectfc the global sections functor. 

Let /* (resp. /*) be a minimal injective resolution of M in Sq (resp. in *Mod), 
and consider the exact sequence 

(3.2) o - r m (/-) - /• - /7r m (/*) - o 

of cochain complexes. Put J* := I*/T m (I m ). Each component of J* is a direct sum 
of copies of k[F] for various {0} ^ F a L. Since A;[F] + is the constant sheaf on \F\ 
which is homeomorphic to a closed ball, we have H l (B,k[F} + ) = H l (\F\;k) = 
for all % > 1. Hence (J') + ( = ) gives a r(-B, — )-acyclic resolution of M + . It 
is easy to see that [J*] = 1(5,(7*)+). By jHl Theorem 2.4], J* coincides with 
the Q-graded part © aeQ [/"] a of /*. Thus we have [W (T m (I'))] a = [H l (T m (I*))] = 
[H^(M)] . So the first and the second assertions follow from (|3.2|) . since [H°(I')] = 
M and H*{I') = for all i > 1. 

To prove the last isomorphism, we may assume that i = 0. But the isomorphism 
follows from the exact sequence (|3.1|) . since H^(M) = M = in this case. □ 

Remark 3.4. Let M be a finitely generated Z-graded module over S = k[xi, . . . , x n }. 
Then we have an algebraic coherent sheaf M on P n_1 = Proj(S'). Like our functor 
(-)+, if dim fc M < oo, then M = 0. Moreover, it is well-known that F^P" -1 , M) = 
[^ +1 (M)] for all % > 1, and 

- [#°(M)] - M - ff^P"- 1 , M) - [^(M)] - (exact), 

(see, for example, |SV| p. 38]). So Theorem 13.31 gives an analogy between Proj and 
our (— ) + . 

Recall that we chose sl(F) e QnF for each F 6 Lin the previous section. By the 
graded local duality, the Z n -graded fc-dual of H l m (M) is isomorphic to the square- 
free module Ext^,(M, K^q]). So to determine the Z n -graded Hilbert function of 
H^(M), it suffices to know [H^(M)]_ a (jr) for each F. Since Theorem 13.31 deal with 
the case when F = {0} (i.e., a(F) = 0), we may assume that F ^ {0}. 
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Theorem 3.5. Let M be a squarefree k[Q]-module, and j the embedding map from 
the open set U F = Ugdf 1^1° t° B. If F ^ {0}, we have 

Hi(U F ,fM + ) - [H^\M)U {F) for all i > 0, 

where H l c {—) stands for the cohomology with the compact support. 

Proof. Let \I/ := {G G L \ G Z> F} be the order filter of L. Under the same notation 
as Lemma EIH we have Uf = Uf- We have the following. 

[^ +1 (M)]_ a(F) = H i+1 (C' F (M)) (byLemmaQ 

- H i+ \C' {0} (M*)) 

S [i^ +1 (M*)]o (by Lemma Q 

^ H l {B, (M*) + ) (by Theorem HO Note that M 4 G Sq + ) 

= H\B, j\j*M + ) (by Lemma EH} 

= HH U F , j*M + ) (by [A III, Corollary 7.3]) 

□ 

Remark 3.6. When is a polynomial ring k[N n ] = k[xi, . . . ,x n ], Theorems 13.31 
and 13.51 generalize a well-known formula of Hochster ( BH, Theorem 5.3.8], see 
also jHHl Lemma 5.4.5]). This formula states that [H 1 ^ 1 (k[A})} ^ Hi(\A\;k) 
for all i > 0, where the right hand side is the ith reduced homology group of 
|A|. On the other hand, Theorem E21 states that [H^\k[A})} = fc[A]+) 
for all i > 1 and H°{B, k[A}+) = [H^(k[A})] © fc[A]„ = [H^(k[A})} © k. But 
H i (B,k[A] + ) = H\B, j*k_ ]A] ) = H*(\A\; k) = H, t (\A\; k) for all i > 1, and 
H°(B,k[A}+) = H (\A\;k) = H (\A\; k) © k. So Theorem EQ1 coincides with 
Hochster's formula. If 7^ a G N n and supp(a) = F, Hochster's formula states that 
[^ +1 (A;[A])]_ a = i2i(|A|, |A| - {p}; k) for a point p G Set u F := U F PI |A|. 

For p G \F\°, uf is a cone neighbourhood of p and |A| — uf is a deformation retract 
of |A| — {p}. Hence we have 

[/4 +1 (M)U = W c (U F ,fk[A} + ) (by TheoremESD 

- Hi(u F ,k UF ) 

H\ |A|, |A| -u F -k) (see [I, IV. Definition 8.1]) 

- iT(|A|, |A|-M; fc). 

So Theorem 13.51 and Hochster's formula also coincide. 

4. Relation to Poincare-Verdier Duality 

Since the functor (— ) + : Sq — » Sh(5) is exact, it can be extended to the functor 
(-)+ : £> 6 (Sq) -> D b (Sh(5)). If M* G D 6 (Sq), we have i2Hom fc[Q] (M',# fc[Q] ) G 
_Dg q (*Mod) by Lemma IZ4l So there is a bounded complex N* of squarefree modules 
such that N' = RRom k[Q] (M 9 , K k[Q] ) in L> b (*Mod). We denote (JV)+ G L> 6 (Sh(.B)) 
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by RRom k [Q](M* , K k iQ]) + . Of course, REom k [Q](M* , K k [ Q ]) + does not depend on 
the particular choice of N' up to isomorphism in D b (Sh(B)). 

For a locally compact topological space X of finite dimension (e.g., a locally 
closed subset of B), D* x denotes a dualizing complex of X with the coefficients in 
k (see jU V. §2]). In this paper, we frequently use the isomorphism D Y = j'T> x for 
the embedding map j from a locally closed subset Y to X (see jfl V. Theorem 5.6]). 
If X is a manifold (with or without boundary), we have the orientation sheaf orx 
of X with the coefficients in k. In this case, we have T>' x = orx [dim X] (see jfl V. 
§3])- 

Lemma 4.1. With the above notation, we have the following. 

(1) OT B £* (K k[Q] ) + . 

(2) Let J F be the projective object in Sq associated with a face F e L. Then 
RHom ShiB) ((J F ) + ,or B ) = Rom k[Q] (J F , K k[Q] ) + . 

(3) If M* e D b (Sq), we have an isomorphism 

RHom SHB) ((M') + ,or B ) = RRom k[Q] (M% K k[Q] )+ 
in D b (Sh(B)). 

Proof. (1) Let k BO be the constant sheaf on the relative interior B° of B. If j : 
B° —>■ B is the embedding map, then or B = j\k B o by [I, VI. Proposition 3.3]. On 
the other hand, (K k [Q]) + = j\k B o as we have seen in Example 13.21 

(2) Recall that if U is an open set with the embedding map j : U — > B and 
X is an injective object in Sh(_B), then j*X (= j ! X) is injective in Sh(C/). So 
£ x t % sh(B)((JF) + , or B ) is the sheaf associated to the presheaf which sends an open set 
U to Extg h((7 )(j*(J F ) + , j*or B ). Note that j*or B = or v . By the Poincare-Verdier 
duality (I, V. 2.1]), we have 

Exti HU) (f(j F )\ j*or B ) s Hr'-Ku, f(J F ) + r, 

where (— ) v means the dual k- vector space. For any open neighbourhood V of p, 
there is an open set U with p e U C V such that UnU F = W 1 ' 1 or W^ 1 . Then 
Hi(UJ*(J F )+) ^ H l c (Uf]U F ; k) = for all i ^ n-1. Thus 5 a;4h(B)(( J i^) + > or s) = 
for all i ^ 0. Hence we have RTiom^s^J F ) + , or B ) = T-Com Sh ( B )((J F ) + , or B ). 

Recall that {J F ) + is the constant sheaf on Up and or B is the constant sheaf on B°. 
For a point p e S, the stalk Homsh(B)((</F) + , or B )p at p is nonzero (equivalently, 
Ti.omsh(B){{.JF) + ,or B )p = k) if and only if there is an open neighbourhood U p of 
p such that Up fl f/^ C 5°. With the same notation as Lemma f2. 21 (3), the latter 
condition is equivalent to the condition that supp(p) VF = !R>oQ- So the assertion 
follows from Lemma [2.21 (3). 

(3) Let P* be a projective resolution of M* in Sq, that is, there is a quasi 
isomorphism P* — ► M* and each is a direct sum of copies of J F for various F. 
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By (2), we can compute RHomsh(B)((M') + , or B ) by (P*) + - So we have 
RHomsk(B)((M') + ,or B ) = Hom m SHB) {{P') + ,or B ) 

= Rttom k[Q] (M',K k[Q] )+. 

□ 

The normalized Z n -graded dualizing complex of k[Q] is a Z n -graded injective 
resolution of K k ^[n]. But, in this paper, we will consider a Z n -graded injective 
resolution of K k [Q][n — 1], which is a non-normalized dualizing complex. The reason 
why we use this convention is that k[Q] represents the (n — l)-dimensional polytope 
B in our context. 

Let w%\q\ be the Q-graded part of a minimal Z n -graded injective resolution of 
i£fc[Q][n— 1]. The complex ^[QY wn i cn * s a minimal injective resolution of K}.[Q][n— 1] 
in Sq, is of the form 

(4.1) u? m : — co~ n+1 — > c^+ 2 — > uj 1 — > 0, 

dim_F=— i+1 

and the differential is composed of the maps e(F,G) ■ nat : — > fe[G] for all 
G G L with dimG = dimF — 1, where e is the incidence function on the cell 
complex B = YIf&l an d nat : k[F] — > k[G] is the natural surjection. 

For an order ideal A C L, set uj'^ := Honifc[Q](&[A], ^rgi)- This is a complex of 
squarefree A; [A] -modules with 

4[A] = tfn 

dim F=-i+l 

Note that k^r A ] is isomorphic to a non-normalized Z n -graded dualizing complex of 
k[A] in the derived category of Z"-graded fc[A]-modules. 

Let Sq(A) be the full subcategory of Sq consisting of fc[A]-modules, that is, 
M G Sq(A) if and only if M is a squarefree fc[Q]-module whose annihilator Ann(M) 
contains I A . The category Sq(A) is a thick abelian subcategory of Sq, and Sq(A) 
has enough injectives, and an indecomposable injective object is of the form k[F] 
for some F G A (c.f. jllVVYj). which is also injective in Sq. Thus -D fe (Sq(A)) = 
Dg q( . A )(Sq) = Dg q( ^ A ^(*Mod), and -D 6 (Sq(A)) can be viewed as a full subcategory of 

£> 6 (*Mod). 

If M' G £> 6 (Sq(A)), wehaveRRom k[Q] (M',K k[Q] [n-l)) RRom k[A] (M' , u' k[A] ) 
in D b (*Mod) by the local duality. In particular, RHom k ^(M* , ^r A i) belongs to 
L> Sq(A) (*Mod), and we can define RRom k[A] (M' , uj 9 k[A] )+ G D b (Sh{B)). 

If M G Sq(A) and j : |A| — > B is the embedding map, then Supp(M + ) C |A| 
and j*j*M + = M + . Since j*(= j\) : Sh(|A|) — > Sh(£>) is an exact functor in this 
case, it can be extended to the functor : D b (Sh(|A|)) — > D b (Sh(Bj). 
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Theorem 4.2. With the above notation, for M* G D b (Sq(A)), we have 

RHom Sh{m (f(M-) + ,V; Al ) = f(RRom k[A] (M',u" k[A] ) + ) 
in D 6 (Sh(|A|)). 

Proof. In D b (Sh(B)), we have the following isomorphisms. 

3 *RHom SHlAl) (j*(M') + ,VJ Al ) 

j*RHom Shm (f(M*)+,j [ V B ) 
= RHom SHB) (j*j*(M') + ,V B ) (by [1, VII. Theorem 5.2]) 

RHam SHB) ((M') + ,or B [n-l]) 
* RRom k[Q] (M 9 ,K k[Q] [n-l]) + (by Lemma O (3)) 

HHom fe[A] (M',^ [A] ) + . 

Hence j*RHom Shm) { j*(M*)+, £>f A| ) = i?Hom fc[A] (M', cu' [A] ) + . Applying j* to 
the both sides of this isomorphism, we have the expected isomorphism. □ 

Corollary 4.3. With the above notation, we have T^' A \ — J*( Co '*[a]) + - 

Proof. 

V; A] = RHom Shim (k lAl ,VJ Al ) = f(RRom k[A] (k[A},u' k[A] ) + ) = f(u' k[A] ) + 

□ 

Proposition 4.4. Let A,Sci be order ideals with AdE, and j the embedding 
map from Z := \A\ — |E| to B. Then 

V z =f(RHom k[Q] (I A/ x, uj' k[Q] ) + ), 

where J A /s := Is/Ia- 

Proof. In D b (Sh(i?)), we have the following isomorphisms. 

R Honing] ( Ja/E) ^'[q]) + 
= RUom %li{B) {3xk z ,V B ) (by Theorem E3) 
= Rj*RHom SHZ) (k z , jV B ) (by |H VII. Theorem 5.2]) 
= Rj*RHom SHZ) (k z ,T>z) 

= RjJ>z- 

Hence i?Hom fc [Q]( /a/s, u; *[q]) + — Rj*^z- Applying j* to the both sides of this 
isomorphism, we have the expected isomorphism. In fact, since the functor j*j* : 
Sh(Z) — > Sh(Z) is natural equivalent to the identity functor, we have j*-Rj* = 
= Id as an endofunctor on D b (Sh(Z)). □ 

In our context, the notion of a Buchsbaum ring is natural and important. The 
original definition of a Buchsbaum ring (see |SVj ) is slightly complicated, but for 
k[A], we have a simple criterion. 
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Lemma 4.5. Let A = © i>0 ^4i be a noetherian N-graded commutative ring with 
the graded maximal ideal m = Q) i>Q Ai (thus A = k is a field). Let M be a 
finitely generated graded A-module of dimension r. If there is some s6Z such that 
[H l m (M)\t = for all i < r and t ^ s, then M is a Buchsbaum A-module. 

If A is generated by A\ as a fc-algebra, the above fact is a special case of the 
well-known result jSVl I. Proposition 3.10]. Even in the general case, this fact was 
essentially pointed out in |SSj . 

Proof. Note that A has a graded normalized dualizing complex I* A . Set N* := 
T_ r Kom' A (M, Here, for a complex C, T- r C* is the truncated complex 

► — ► ker(C~ r+1 -> C- r+2 ) — > C- r+1 — > C~ r + 2 — ► • • • . 

We have iP(iV) = for all i < -r, and fP(iV) is the graded fc-dual of H£(M) 
for all i > — r by the local duality. So the cohomologies of N' are concentrated 
in the degree — s components. By |SV| II. Theorem 4.1], it suffices to prove that 
N* is isomorphic to a complex of fc-vector spaces in the derived category of graded 
A-modules. For a graded A-module N and an integer t, set N> t := @ i>t Ni. Then 
chain maps iV*_ s — > N* and N>_ s — > N>_ s /N>_ s+1 are quasi- isomorphisms. Thus, 
in the derived category, N* is isomorphic to N>_ s /N*_ s+1 , which is a complex of 
fc-vector spaces. □ 

Corollary 4.6 (c.f. \Y2\ Corollary 3.8]). Let M be a squarefree k[Q]-module of 
dimension r. Then the following are equivalent. 

(a) M is a Buchsbaum module. 

(b) dim k H % m (M) < oo for alii ^ r. 

(c) [#*,(M)] a = 0, ifi^r anda^O. 

Proof. The implication (a) =^> (b) is a basic property of Buchsbaum modules. The 
Z"-graded fc-dual of H l m (M) is the squarefree module Ext^(M, Kk[Q\). Hence 
dim fc H l m (M) < oo if and only if H l m (M) = [H l m (M)} . So we have (b) (c). The 
implication (c) ^> (a) follows from Lemma f4. 51 □ 

Corollary 4.7. Let A C L be an order ideal with d = dim |A| (so dim A; [A] = d+l). 
The following are equivalent. 

(a) k[A] is a Buchsbaum ring. 

(b) ^(P* A |) = for alli^ -d. 

(c) Hi(\A\, \ A\ - {p}; k) = for all % < d and all p G |A|. 

In particular, the Buchsbaum property of k[A] is a topological property of \A\ (i.e., 
depends only on the topology of \ A\ and char(/c) y ). 

Proof. We have W(V^) = j*{H i (u' m )+) = j*(Exf fc[Q] (fc[A], <j' [Q] )+) by Corol- 
larv 14.31 where j : |A| — > B is the embedding map. Thus 7-T(P* A |) = if and 
only if dimfc Ext^[Q](/c[A], cu'jqj) = dimfc H~ l+1 (k[A}) < oo. So (b) is equivalent to 
(a). The equivalence (b) (c) must be obvious for algebraic topologists. But the 
equivalence (c) <^ (a) (•<=> (b)) also follows from Theorem 13 .51 In fact, if 7^ a e N™, 
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we have [i/^ t " 1 (/c[A])]_ a = Hi(\A\, |A| — {p}; k) for p G | supp(a)|°, as we have seen 
in Remark 13.61 □ 

Remark 4.8. The implication (b) =>• (a) of Corollary 14 . 71 does not hold for a locally 
closed subset Z : = |A| — |E| and its squarefree module 1a/e : = Iz/Ia, while we 
have Proposition 14.41 Since 

EHom M Q](/ A/E ,w* [Q] ) + = ifoX^ 

by the proof of Proposition 14.41 Ia/e is a Buchsbaum module of dimension c?+ 1 
if and only if R l j*V z = for all i ^ —d. These conditions are stronger than the 
condition that W(V Z ) = for all i ^ —d. 

For example, consider a polynomial ring k[x, y, z\, and simplicial complexes A = 
2{*.w.*} and E = {{x},0}. Then Z is a manifold with boundary (in fact, Z 2* 
and W(V Z ) = for all z ^ —2. But Ja/s = (y, z ) is not a Buchsbaum module. In 
this case, R l j*V z ^ for i = —1, —2. 

Since Supp(-R J j*D* ) C Z = |A|, it suffices to check R l h*V z to see the vanishing 
of R l j*V z , where h : Z — ► |A| is the embedding map. That is, Ia/s is a Buchsbaum 
module of dimension d + 1 if and only if R % h^D' z = for all z 7^ — d. Hence the 
Buchsbaum property of Ja/s is a topological property of the pair (|A|, |E|). 

If |A| is a manifold (with or without boundary) of dimension d, then we have 
T>? A , = or\A\[d] and k[A] is a Buchsbaum ring of dimension d+1. By Corollary 14.31 

we have j*{K k ^) + = or\&\, where K k [^ := Ext^ < ? _1 (A;[A], iffc[Q]) is the canonical 
module of A; [A]. 

Let (A, m) is a Buchsbaum local ring of dimension d+1 admitting a canonical 
modules Then |SV| II. Theorem 4.9] states that 

Hi(K A ) = Rom A (H^ i+2 (A), E(A/m)) for all 2 < % < d, 

where E(A/m) is the injective hull of A/xtv. We will see that this duality corresponds 
to the Poincare duality in our context. 

Assume that k [A] is a Buchsbaum ring of dimension d+1 (thus dim | A | = d). 
Then we have 

(4.2) [Hii (K k[A] ) >0 )] = [H d m l+2 ( k[A] >0 ) v ] for all 1 < i < d + 1. 

(When 2 < i < d, this is just a Z n -graded version of |SV| II. Theorem 4.9]. We 
leave the case when % = 1, d+ 1 for the reader as an easy exercise.) By Theorem 13. 31 

[Hi( (K k[A] ) >0 ) ] = W-\ I A|, (K k[A] ) + ) = W-\ |A|, r|A, ) 

and 

[ H d m l+ \ k[AU ) ]o = H d - l+ \ I A|, fc |A | ) = H d - i+1 ( \A\;k) 
for all 1 < i < d + 1 . So ()4.2|) also follows from the Poincare duality 
H\ |A|, or |A | ) = H j ( \A\ ; A;) v for all i, j with i + j = d. 

Note that |A| is an orientable manifold (i.e., a manifold with k, A < = or\ A \) if and 
only if k[A] is a Buchsbaum ring with (i^fc[A])>o — ^[A]>o- In this case, ()4.2|) 
corresponds to the most familiar form of the Poincare duality. We also remark that 
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if |A| is an orientable manifold of dimension d then dimfc[i?^ +1 (&;[A])]o equals the 
number of the connected components of |A|. When |A| is a connected manifold, 
|A| is orientable if and only if dimfc[P^ +1 (A;[A])]o = 1. In this case, Ku&i = k[A]. 

Let Sq + (A) be the full subcategory of Sq consisting of squarefree /c[A]-modules 
M with M = 0. For a while, let M* be an object of P fe (Sq + (A)). 

For M* G P b (Sq + (A)), by the local duality and Theorem 13.31 we have 

[Ext M * A] (M^- [A] ) v ]o = [^ +1 r m (M«)] = irr(B, (m«)+) - jrr( |A|, j*(m-) + )- 

On the other hand, we have Ext^ (|A|) ( J* (M*)+, V' A{ ) v = R*T( |A|, j*(M m ) + ) by 
the Poincare-Verdier duality ([I, V, 2.1]). Thus 

(4.3) Ex4 h (|A|)(j'*(M-)+, Pf A| ) = [Ex4 [A] (M', u' k[A] )]„. 

We can give another proof of (J4.3|) . Let P* — > M* be a projective resolution in 
Sq. Since M* G P fe (Sq + (A)), we may assume that each component of P* is a direct 
sum of copies of Jf for various {0} ^ P E L. If F ^ {0}, then Supp(( Jf) + ) = Uf = 
M™- 1 or M™- 1 and Ext l Sh(B) ((J F ) + or B ) = H^-^B, (J F ) + ) = H^- X -\U F \ k) = 
for all z 7^ 0. So we can compute Extg h ( B )( (M*) + , ore ) using (P*) + , and we have 
the following. 

Ext^ (|A|) (j*(M-)+,Df A| ) 

Ext^ h(B) ((M-) + , P-) (by H VII. Theorem 3.1]) 

- Ex^ HB) ((M') + ,or B [n-l}) 

- F(Hom Sh(iJ) ( (P')+, (AT fc[Q ]) + [n - 1] ) ) 

iP( [Hom fc[Q] (P«, K k[Q] [n - 1] )] ) (since P* G P 6 (Sq + )) 

- [Ex4 [Q] (M«, if fe[Q] [n-l])] 

- [Ex4 [A] (M',^ [A] )] . 

Finally, we study the Cohen- Macaulay property of k[A] and Ia/s- If dim/c[A] < 
1, then fc[A] is always Cohen-Macaulay. So we may assume that dimfc[A] > 2. The 
same thing is true for Ia/s- When k[Q] is a polynomial ring, the next result is a 
well-known theorem of Munkres. 

Theorem 4.9 (c.f. |M] IY3j ). Let A C L be an order ideal with d := dim |A| > 1 
(i.e., dim A; [A] = d + 1 > 2). Then the following are equivalent. 

(a) k[A] is a Cohen-Macaulay ring of dimension d+1, 

(b) Hi(\A\; k) = Hi(\A\, \A\ - {p}; k) = for all i < d and all p G |A|, 

(c) n\V^) = for all i ^ -d, PT(| A|, £>' A| ) = for all i ^ -d, 0, and 
H°T(\A\,V^) = k. 

In particular, the Cohen-Macaulay property of k[A] is a topological property of \A\. 

Proof. The equivalence between (a) and (b) has been proved in [Ml IY3j . Recall that 
Pi(|A|, |A| - {p}; k) = for aU % < d and all p G |A| if and only if W{V^ = for 
all i ^ -d. Since P-T(|A|,£>' ,) = iP(|A|; k) y , (b) and (c) are equivalent. □ 
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Proposition 4.10. Let A, £ C L be order ideals with A D X 7^ 0, and /i the 

embedding map from Z := |A| — |S| to |A|. 

(a) Ia/s is a Cohen- Macaulay module of dimension d + 1, 

(b) R l KV* z = H i T(Z,V z ) = for all i ^ -d. 

In particular, the Cohen- Macaulay property of Ja/s a topological property of the 
pair (|A|, |E|). 

Proof. Ia/s is Cohen-Macaulay if and only if it is Buchsbaum and [-H^ 1 (/a/e)]o = 
for all i ^ d + 1. As we have seen in Remark 14.81 Ia/s is Buchsbaum if and 
only if K l KV z = for all i ^ -d. Since 7 A /s G Sq + , we have [^ +1 (/ A/S )] = 
(/a/s) + ) = ^(^; fc) = H^TiZ, V Z Y for all i So we are done. □ 
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